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ABSTRACT
Utilizing sets of super-vector fields (derivations), explicit expressions
are obtained for; (a.) the 1D, N -extended superconformal algebra, (b.)
the 1D, N -extended super Virasoro algebra for N = 1, 2, and 4 and
(c.) a geometrical realization (GR) covering algebra that contains the
super Virasoro algebra for arbitrary values of N . By use of such vector
fields, the super Virasoro algebra is embedded as a geometrical and model-
independent structure in 1D and 2D ℵ0-extended superspace.
1Research supported in part by by NSF grant # PHY-96-43219.
I. Introduction
Spacetime symmetry groups possess many distinct representations. Consequently
this is so for their supersymmetric extensions. Moreover when considering theories
defined over extended manifolds, such symmetry groups continue to play important
roles. In the realm of superstring theory, the role of the superconformal group is taken
over by the super-Virasoro group [1, 2]. For spacetime symmetry groups, among the
simplest faithful representations are those constructed from “derivations” or “vector
fields” where the symmetry generators are represented in terms of functions of the
coordinates of the manifold which multiply linear derivatives with respect to those
coordinates. The set of all such derivations for a given algebra is sometimes referred
to as a “D-module.”
The simplest of super manifolds are those associated with superspaces that possess
a single bosonic dimension. For some time [3] we have been engaged in a study
of 1D superspaces and the superfield representations that can be defined over such
manifolds. One previous useful result found was the complete off-shell formulation of
NSR spinning particle models for arbitrary numbers of extended supersymmetries on
the worldline [4]. Although there are a number of features that remain to be explored
in our previous work, it should be apparent that there is much to learn by studying
such systems in great detail. A spectacular (but not obviously related) example of
the utility of 1D supersymmetric models has been provided by the proposal that a
microscopic description of M-theory is as a matrix theory of a 1D supersymmetric
system [5].
Thus, a primary purpose of this letter is to present linear differential operators to
represent the super Virasoro algebra for all values of N , the degree of supersymmetric
extension. Such constructions are intrinsically geometrical or kinematical having no a
priori relationships to properties of any given model and provide a basis for the study
of super Virasoro algebras that is independent of the dynamical system in which they
are realized.
II. 1D Superconformal Derivations
In the following, P , K, QI, SI, ∆ and TI J are the momentum, special conformal,
supersymmetry, s-supersymmetry, dilatation and SO(N) generators. It is a simple
exercise to find a set of derivations with respect to a one dimensional superspace with
2
coordinates ζ I and τ in terms of which these abstract operators may be realized
P = i ∂τ , K = i
(
τ 2 ∂τ + τ ζ
I ∂I
)
,
QI = i (∂I − 2i ζI ∂τ ) , SI = i τ ∂I + 2 τ ζI ∂τ + 2 ζI ζ
J ∂J ,
∆ = i
(
τ ∂τ +
1
2ζ
I ∂I
)
, TI J = i (ζI ∂J − ζJ ∂I) .
(1)
The generic 1D, N -extended superconformal algebra is given by:
[∆ , P} = − i P , [∆ , QI} = −i
1
2QI , [K , QI} = − i SI ,
[∆ , K} = iK , [∆ , SI} = i
1
2SI , [P , SI} = i QI ,
[QI , QJ} = 4 δI J P , [SI , SJ} = 4 δI JK ,
[P , K} = − i2∆ , [QI , SJ} = 4 δI J ∆ + 2 TI J ,
[TI J , QK} = − iδI KQJ + i δJKQI ,
[TI J , SK} = − iδI K SJ + i δJK SI ,
[TI J , TKL} = iδJK TI L − iδJL TIK + iδI L TJK − iδI K TJL .
(2)
Given these operators, they also define the 2D superconformal algebras. For
example, the generators of the 2D, (N ,0) superconformal algebras are constructed
by replacing the coordinates as τ → σ , ζ I → ζ+I in the derivations in (1) and
simultaneously replacing the 1D generators by 2D generators via,
P → P , K → K , ∆ → 12(∆ + L ) , QI → Q+ I , SI → S− I . (3)
We must also add the generators that are missing from the above “oxidation” up to
two dimensions. For this purpose we replace the coordinates and derivatives in (1)
according to τ → σ , ζ I → 0 and ∂I → 0 and also simultaneously replace the 1D
generators by 2D generators via,
P → P , K → K , ∆ → 12(∆ − L ) , QI → 0 , SI → 0 . (4)
The quantity denoted by L above is the generator of 2D Lorentz rotations which is ob-
viously absent in 1D. By an obvious modification of the above described replacement
procedure, the generators of all 2D, (p, q) superconformal algebras may be obtained.
This approach also yields a new viewpoint on why 1D and 2D theories are singled
out as special when considered from this geometrically based construction. The 1D
theory may be regarded as the fundamental representation. The oxidation argument
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above shows that the 2D theory is constructed essentially as two completely inde-
pendent copies of the 1D theory. For no dimension D ≥ 3 does the conformal group
“factorize” into independent copies of the 1D group.
Another useful aspect of this representation is that it permits us to see that the
case of N = 4 is exceptional and makes clear the geometrical origin of the “small”
versus “large” N = 4 superconformal algebras. We observe that in the case of
N = 4, there exists a Levi-Civita tensor ǫI JKL which may be used to “deform” some
of the derivations according to
SI(ℓ) ≡ i τ ∂I + 2 τ ζI ∂τ + 2 ζI ζ
J ∂J + ℓ ( ǫI JKL ζ
JζK∂L − i 4 ζ (3)I∂τ ) ,
K(ℓ) ≡ i
[
τ 2 ∂τ + τ ζ
I ∂I − i2 ℓ ( ζ
(3) I ∂I + i 4 ζ
(4) ∂τ )
]
,
TI J(ℓ) ≡ i [ ζI ∂J − ζJ ∂I − ℓ ǫI JKL ζK ∂L ] .
(5)
Above the quantities ζ (3) I and ζ (4) are defined by
ζI ζJ ζK ≡ ǫI JKL ζ
(3) L , ζI ζJ ζK ζL ≡ ǫI JKL ζ
(4) . (6)
The remaining generators of the deformed algebra remain unchanged from their def-
initions in (1). The exceptional role of the N = 4 theory is also apparent from the
point of view of dimensional analysis. It is only for the value of N = 4 that terms
of a proper dimension (-1/2 for SI, 0 for TI J and −1 for K) exist that can be used to
modify some of the generators in an appropriate manner.
The first ten results in the algebra of (2) remain unchanged for the ℓ-deformed
algebra. However, for the last three results we obtain
[TI J , QK} = −iδI KQJ + i δJKQI + iℓ ǫI JKLQL ,
[TI J , SK} = −iδI K SJ + i δJK SI + iℓ ǫI JKLSL ,
[TI J , TKL} =
1
2(ℓ
2 + 3)
[
iδJK TI L − iδJ L TJK + iδI L TJK − iδI K TJL
]
+ 12(ℓ
2 − 1)
[
iδJK YI L − iδJL YJK + iδI L YJK − iδI K YJL
]
,
(7)
where the operator YI J is defined by
YI J ≡ i [ ζI ∂J − ζJ ∂I + ℓ ǫI JKL ζK ∂L ] . (8)
At the special values ℓ = ±1, YI J does not appear in the ℓ-modified superconformal
N = 4 algebra. This has a dramatic effect. For all values N 6= 4, the TI J generators
form a representation of O(N). For the N = 4 case, the deformed TI J generators
form a representation of SU(2) if and only if ℓ = ±1.
4
The appearance of this exceptional 1D, N = 4 theory may also be related to the
appearance of N = 1 supersymmetry in four dimensional spacetime. A 4D spinor is
equivalent to a 1D, N = 4 spinor. It is a simple matter to show that the K-generator
of a four dimensional supersymmetric theory has the form of the K-generator in (5)
with ℓ 6= 0. We thus suspect this plays some role as the 1D worldline origin of 4D,
N = 1 target space supersymmetry.
III. 1D, N = 1 Superspace and a Super D-module
If we set all Grassmann coordinates and their derivatives to zero, we are left with
the bosonic N = 0 theory. It is well known that P , ∆ and K form a sub-group of
the larger Virasoro algebra. We can define the generators
Lm ≡ − τ
m+1∂τ → L−1 ∝ P , L0 ∝ ∆ , L1 ∝ K , (9)
and for general values of m we see
[Lm , Ln } = (m − n)Lm+n , (10)
the characteristic form of the Virasoro commutator algebra. The obvious question
to ask is, “What are the explicit expressions for Ln
I , Fn
I and Gr
I as derivations to
represent the super Virasoro algebra?”
We will approach this question by first considering the case of N = 1. Here we
define
Lm ≡ −
[
τm+1∂τ +
1
2(m + 1) τ
mζ ∂ζ
]
,
Fm ≡ i τ
m+
1
2
[
a0 ∂ζ − i b0 ζ ∂τ
]
, Gr ≡ i τ
r+
1
2
[
∂ζ − i 2 ζ ∂τ
]
.
(11)
The reader will note Fm and Gr almost possess the same form. The conditions
G
−
1
2
∝ Q , G1
2
∝ S , (12)
have been used to determine the would-be free constants appearing in Gr. We can
make Fm identical in form to Gr by picking a0 = 1 and b0 = 2. Since for this choice
the two operators have identical forms, it is useful to clearly state why they are
fundamentally different2. In Fm (the Ramond generator) since m ∈ Z its pre-factor
τm+
1
2 always contains a square root of τ . On the other hand in Gr (the Neveu-Schwarz
2The choice of a0 = 1, b0 = 2 is also motivated by string theory, where these two operators
locally satisfy the same algebra.
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generator) since r ∈ Z + 12 , its pre-factor τ
r+
1
2 never contains a square root of τ . So
while the two Grassmann generators can possess the same form (by a choice of a0 and
b0) this appearance is deceptive. Furthermore, since the index m on the Lm-operators
is integer valued, the choices of whether the pre-factor contains a square-root or not
are the only allowed values.
It is a matter of direct calculation to show
[ Fm , Fn } = − i 2 a0 b0 Lm+n , [ Gr , Gs } = − i 4Lr+s ,
[ Lm , Fn } = (
1
2m − n )Fm+n , [ Lm , Gr } = (
1
2m − r )Gm+r ,
[ Lm , Ln } = (m − n )Lm+n .
(13)
Let us call this the N = 1 super-Virasoro algebra. Only the first equation in (13)
depends explicitly on the constants a0 and b0. Both of these must be nonzero, how-
ever. With these results we have constructed a realization of the classical (i.e. un-
quantized) version of the N = 1 super-Virasoro algebra that is implicitly carried by
the coordinates of 1D, N = 1 superspace.
However, having written the usual super-Virasoro generators as derivations, we
can also calculate [Fm, Gr}. We find
[ Fm , Gr } = i (2a0 + b0)
{
τm+r+1 ∂τ + i
[
1
2 +
(2a0m + b0 r )
(2a0 + b0)
]
τm+r ζ ∂ζ
}
.
(14)
Clearly, for the choice a0 = 1 and b0 = 2 we obtain
[ Fm , Gr } = − i 4Hm+r , Hr ≡ −
[
τ r+1∂τ +
1
2(m + 1) τ
rζ ∂ζ
]
. (15)
This new bosonic operator Hr is related to Lm in the same way that Gr is related
to Fm. We can use this to write things using a slightly different notation. We define
LA ≡ (Lm, Hr) and GA ≡ (Fm, Gr). The commutation algebra in this new notation
takes the form
[ LA , LB } = (A − B )LA+B , [ GA , GB } = − i 4LA+B ,
[ LA , GB } = (
1
2A − B )GA+B .
(16)
The set {LA, GA} is closed under graded commutation. Above we have used the
notation A to denote an index that may be valued in either Z or Z + 12 . From
these commutation relationships it can be seen that Hs is a primary (in the language
of conformal field theory) operator that “rotates” the Neveu-Schwarz generator into
the Ramond generator and vice-versa. This suggests that we identify this operator
with a corresponding one known in conformal field theory [6]. Namely, the operator
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Hs seems similar to the purely chiral part of the generator of spectral flows which
connects NS and R algebras. Although in the conformal field theoretical formulation,
such an operator appeared only associated with the N = 2 theories.
The lesson is clear. If we represent the super Virasoro generators as derivations
with respect to the coordinates of the simplest real 1D superspace, the minimal set
which provides a representation of the super Virasoro algebra contains all of the
generators in the set {LA, GA}. We will call this super-Lie algebra the 1D, N = 1
“super GR-Virasoro” algebra (where GR stands for “geometrical realization”).
Having seen this occurrence for the case of N = 1, it is natural to ask if this may
be extended to higher values of N . In fact, the N = 1, 2 cases have been discussed
in a textbook by West previously [7]. The important point that was overlooked in his
presentation, however, is that if the set of generators {Lm, F
I
m, G
I
r} are represented
as derivations, then it is not a closed set. Of course, in string theory customarily one
does not simultaneously discuss NS and R sector generators.
IV. New 1D, N = 1 Super D-module Operators
In the last section, we saw that the simplest geometrical realization of the super-
Virasoro algebra leads to an enlarged algebra. However, our method of construction
also points to the existence of another derivation that is not contained in the super-
Virasoro algebra. If we return to (11) and choose a0 = −i, b0 = i2, this defines a new
derivation via
Dr ≡ τ
r+
1
2
[
∂ζ + i 2 ζ ∂τ
]
→ [ Dr , Ds } = − i 4Lr+s , (17)
so that
[ Dr , Gs } = i 2 (r − s) dr+s , dm ≡ τ
m ζ ∂ζ . (18)
Before we calculate its graded commutators with Lm, Fm, Gr, and Hr, let us note
that setting r = −1/2,
D
−
1
2
= Dζ , (19)
where Dζ is the world line supersymmetry covariant derivative.
The commutation of dA with LA, DA and GA yields:
[ LA , dB } = −B dA+B , [ GA , dB } = GA+B , [ DA , dB } = DA+B ,
(20)
so that the set {LA, GA, DA, dA} is closed under graded commutation. This com-
plete set of generators is what we call the “covering algebra.” It is larger than the
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super Virasoro algebra which it contains as a proper subgroup. The usefulness of the
covering algebra can be seen by recalling a past example of such a structure. Within
the context of 4D, N = 1 superspace, Sokatchev [8] used precisely a covering algebra
to provide the first definitions of the irreducible superfield projection operators. The
interpretation of this new infinite set of generators is pretty clear. These provide
the infinite dimensional extension to the superspace covariant derivative just as the
the usual super Virasoro generators provide an infinite dimensional extension of the
superconformal generators.
V. 1D, ℵ0-extended Superspace and the Super Covering GR D-module
We have previously introduced the notion of 1D, ℵ0-extended superspace [9]
which is the limit of the union of all possible 1D superspaces with a finite number of
supersymmetries N as this parameter approaches infinity. The ideas we have discussed
so far in this letter permit additional structures to be embedded in ℵ0-extended
superspace. We introduce the set of derivations (by taking linear combinations of
these, other bases are also possible as we shall see in the exceptional N = 4 case)
GA
I ≡ i τA+
1
2
[
∂I − i 2 ζ I ∂τ
]
+ 2(A + 12 )τ
A−
1
2 ζ IζK ∂K ,
LA ≡ −
[
τA+1∂τ +
1
2(A + 1) τ
Aζ I ∂I
]
,
T I JA ≡ τ
A
[
ζ I ∂J − ζJ ∂I
]
, d I JA ≡ τ
A
[
ζ I ∂J + ζJ ∂I
]
,
DA
I ≡ τA+
1
2
[
∂I + i 2 ζ I ∂τ
]
+ i 2(A + 12 )τ
A−
1
2 ζ IζK ∂K ,
R
I1···Ip
A
≡ (i)[
p
2 ] τ (A−
(p−2)
2 )ζ I1 · · · ζ Ip ∂τ , p = 2, . . . , N ,
U
I1···Iq
A
≡ i (i)[
q
2 ] τ (A−
(q−2)
2 )ζ I1 · · · ζ Iq−1 ∂Iq , q = 3, . . . , N + 1 ,
(21)
where N is an arbitrary integer. This set of vector fields is closed under graded
commutation and as well contains the super Virasoro-like sub-algebra for all values
of N . We shall call this algebra the super “GR covering algebra.” Additionally,
the notation in the exponents of the factors of i includes the “greatest integer in”
function. So [p2 ] denotes the greatest integer in
p
2 , etc. All of these derivations possess
engineering dimensions (not to be confused with “scale weight”) of (mass)−A power.
These definitions do not depend on a specific value of N and are thus appropriate
for the entire 1D, ℵ0 superspace that we have introduced before. Of course, for low
values of N , not all of the generators appear. For example, T I JA and R
I1···Ip
A
only
appear for superspaces with N ≥ 2. Generically, U
I1···Iq
A
only appears for superspaces
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with N ≥ 3. This set of derivations forms a closed algebra under the action of the
graded commutator. Explicitly for some of the graded commutators we find
[ LA , LB } = (A − B )LA+B , [ LA , U
I1···Im
B
} = − [ B + 12 mA ]U
I1···Im
A+B ,
[ GA
I , GB
J } = − i 4 δI JLA+B − i2(A− B) [ T
I J
A+B + 2(A+ B)U
I JK
A+BK ] ,
[ LA , GB
I } = ( 12A − B )GA+B
I , [ LA , DB
I } = ( 12A − B )DA+B
I ,
[ DA
I , DB
J } = − i 4 δI JLA+B − i2(A− B) [ T
I J
A+B − 2(A+ B)U
I JK
A+BK ] ,
[ DA
I , GB
J } = i2(A− B)
{
dA+B
I J − δI JdA+B
K
K + 2(A+ B)U
I JK
A+BK
}
,
[ LA , R
I1···Im
B
} = − [ B + 12 (m− 2)A ]R
I1···Im
A+B
− i (i)[
m
2 ]−[
m+2
2 ] [ 12 A (A+ 1) ]U
I1···Im J
A+B J ,
[ GA
I , RJ1···Jm
B
} = 2 (i)[
m
2 ]−[
m+1
2 ] [ B + (m− 1)A + 12 ]R
I J1···Jm
A+B
+ i (i)[
m
2 ]−[
m−1
2 ]
m∑
r=1
(−1)r−1 δI Jr R
J1···Jr−1 Jr+1···Jm
A+B
− (−1)m (i)[
m
2 ]−[
m+1
2 ] [ A + 12 ]U
J1···Jm I
A+B
+ i2 (i)[
m
2 ]−[
m+3
2 ] [ A2 − 14 ]U
I J1···Jm K
A+B K ,
[ DA
I , RJ1···Jm
B
} = i 2 (i)[
m
2 ]−[
m+1
2 ] [ B + (m− 1)A + 12 ]R
I J1···Jm
A+B
+ (i)[
m
2 ]−[
m−1
2 ]
m∑
r=1
(−1)r−1 δI Jr R
J1···Jr−1 Jr+1···Jm
A+B
+ i (−1)m (i)[
m
2 ]−[
m+1
2 ] [ A + 12 ]U
J1···Jm I
A+B
− 2 (i)[
m
2 ]−[
m+3
2 ] [ A2 − 14 ]U
I J1···JmK
A+B K ,
[ RI1···Im
A
, RJ1···Jn
B
} = − (i)[
m
2 ]+[
n
2 ]−[
m+n
2 ] [ A − B + 12(m − n) ]R
I1···Im J1···Jn
A+B ,
[ GA
I , UJ1···Jm
B
} = 2 (i)[
m
2 ]−[
m+1
2 ] [ B + (m− 2)A ]U I J1···Jm
A+B
− 2 (−1)m (i)[
m
2 ]−[
m+1
2 ] [ A + 12 ] δ
I Jm U
J1···Jm−1K
A+B K
+ i (i)[
m
2 ]−[
m−1
2 ]
m−1∑
r=1
(−1)r−1 δI Jr U
J1···Jr−1 Jr+1···Jm
A+B
− i2 (−1)m (i)[
m
2 ]−[
m−1
2 ] δI Jm R
J1···Jm−1
A+B , ,[
dI JA , d
KL
B
}
= δIK T JLA+B + δ
I L T JKA+B + δ
JK T I LA+B + δ
JL T IKA+B ,
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[ DA
I , UJ1···Jm
B
} = (i)[
m
2 ]−[
m−1
2 ]
m−1∑
r=1
(−1)r−1 δI Ir U
J1···Jr−1 Jr+1···Jm
A+B
+ i 2 (i)[
m
2 ]−[
m+1
2 ] [ B + (m− 2)A ]U I J1···Jm
A+B
− i 2 (i)[
m
2 ]−[
m+1
2 ] δI Jm [ A + 12 ]U
I J1···Jm−1K
A+B K
+ 2 (−1)m (i)[
m
2 ]−[
m−1
2 ] δI Jm R
J1···Jm−1
A+B ,
[ RI1···Im
A
, UJ1···Jn
B
} = − i(−1)mn (i)[
m
2 ]+[
n
2 ]−[
m+n−2
2 ]
×
m∑
r=1
(−1)r−1 δIr Jn R
J1···Jn−1I1···Ir−1 Ir+1···Im
A+B ,
+ (i)[
m
2 ]+[
n
2 ]−[
m+n−2
2 ] [ B + 12(m− 2) ]U
I1···Im J1···Jn
A+B ,
[ U I1···Im
A
, UJ1···Jn
B
} = i (i)[
m
2 ]+[
n
2 ]−[
m+n−2
2 ]
×
{ m∑
r=1
(−1)r−1 δImJr U
I1···Im−1 J1···Jr−1 Jr+1···Jn−1Jn
A+B
− (−1)mn
m∑
r=1
(−1)r−1 δIrJn U
J1···Jn−1 I1···Ir−1 Ir+1···Im−1Im
A+B
}
,
[
DIA , d
JK
B
}
= δI JGKA+B + δ
IKG JA+B − δ
JKG IA+B
+ 2B
{
δI JU KLA+B L + δ
IKU JLA+B L − 2 δ
JK U I LA+B L
+ U I JKA+B + U
IK J
A+B
}
.
(22)
VI. The Exceptional 1D, N = 4 Super Virasoro D-Module
The exceptional N = 4 case for the superconformal algebra arose due to the
possibility of modifying the generic set of generators in (1) and replacing a subset of
them by the “deformed” subset of (4). We can attempt the same type of approach to
the construction of an exceptional N = 4 super Virasoro D-module. This essentially
follows the lines of the superconformal case. We define ℓ-deformed vector fields,
GA
I ≡ i τA+
1
2
[
∂I − i 2 ζ I ∂τ
]
+ 2(A + 12 )τ
A−
1
2 ζ IζK ∂K
+ ℓ (A+ 12 ) τ
A−
1
2
[
ǫI JKL ζJζK ∂L − i 4 ζ
(3) I ∂τ
]
+ i 4 ℓ (A2 − 14 ) τ
A−
3
2 ζ (4) ∂I ,
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LA ≡ −
[
τA+1∂τ +
1
2(A + 1) τ
Aζ I ∂I
]
+ i ℓA (A+ 1) τA−1
[
ζ (3) I ∂I + i 4ζ
(4)∂τ
]
,
T I JA ≡ τ
A
[
ζ I ∂J − ζJ ∂I − ℓ ǫI JKLζK ∂L
]
− i 2 ℓA τA−1
[
ζ (3) I ∂J − ζ (3) J ∂I − ℓ ǫI JKLζ (3)K ∂L
]
.
(23)
It is a matter of simple but long and intricate calculations to show that these deriva-
tions provide a representation of an N = 4 super Virasoro algebra. We find the
closure of the ℓ-dependent set {LA, GA
I, T I JA } under commutation compelling given
the number of identities required to achieve it. It should be clear from our method
that only in the extended cases of N = 2 and 4, does the set {LA, GA
I, T I JA } close.
For all other extended values of N , additional operators (contained in the super cov-
ering GR D-module) are required for closure. Another implication of our construction
is that there exists a distinct “large” N = 4 super GR Virasoro algebra that appears
as a subset of the operators in (21).
VII. Conclusions
Since the super GR covering algebra is embedded as an algebra of derivations, it
is a geometrical property of 1D, N -extended superspace itself and does not depend
on the existence of any dynamical quantities. Alternately, we can now undertake
investigations of arbitrarily extended super Virasoro algebras using super differential
operators and super functions as opposed to the traditional use of Hilbert spaces and
objects contained therein. It is clear (by the same argument that we used to oxidize
the 1D, N -extended superconformal algebra to 2D (1,0) superspace) that there exist
super 2D (p, q) GR covering algebras. Our approach shows how the 2D generators
of super Virasoro algebras can be constructed from the same vector fields used for
1D theories by following the oxidation procedure described below (4) in section two.
In any event, our approach offers a field-independent way to study arbitrary N -
extensions of super-Virasoro algebras in 1D superspace as well as arbitrary (p, q)-
extensions in 2D superspace.
The behavior of T I JA as the value of N changes is very characteristic and remi-
niscent of another system we have previously investigated [4]. There it was shown
that there exist matrices denoted by f I J which occur in the off-shell description of
N -extended NSR spinning particles. For all values of N , except four, these matrices
were representations of O(N). For the case of N = 4, these were representations of
SU(2). We are thus led to suspect that the f I J’s provide a matrix representation of
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the T I J0 generators. If this suggestion is accepted, then the vector spaces upon which
the f I J-matrices act can be interpreted as the spinor representations of the super
Virasoro algebra. The GR(d, N) algebras discussed in ref. [4] would then be related
to the super Virasoro algebra in exactly the same way that the Spin(d) algebra is
related to the conformal algebra. With this new interpretation, we may say that the
ℵ0-extended off-shell NSR spinning particle models we constructed required the use
of “Virasoro spinor representations.”
As we noted, the super GR covering algebra is larger than the super Virasoro
algebra. Here the most interesting operator seems to be DA
I. It bares a striking
similarity (even in form) to the covariant Green-Schwarz superstring operator Dα(σ),
first introduced by Siegel [10]. In turn the zero mode of Dα(σ) corresponds to the
usual superspace “supercovariant derivative.” We still have before us the task of fully
understanding the significance of DA
I. The most naive expectation is that it is an
NSR analog to Dα(σ).
Other interesting future avenues to study are the behaviors of the realizations of
the super Virasoro algebra that are induced by our vector fields on restricted super
functions of the form
F(τ, ζ I) =
∑
A
τA a(A)(ζ
I) , (24)
in the 1D case and
F(τ, σ, ζ+IR, ζ− IL) =
∑
A,B
(σ )A (σ )B a(A,B)(ζ
+IR , ζ− IL) , (25)
in the 2D case3. Clearly such restricted super functions form a closed set under the
operators in (21) as well as ordinary multiplication.
Looking back at the N = 0 truncation of our results, we see that there remains
only the operator LA. This again raises the logical question of the import of the
operator Hr? It remains present in the purely bosonic limit. We have successfully
reached our goal of a model-independent representation of the super Virasoro algebras
for all values of N . An important next step is to investigate whether any of the
new purely “kinematical” features (e.g. Hr, DA, etc.) we have proposed yield new
insights into dynamical systems such as N -extended supergravity as well as super
and heterotic strings. Apothegmatically, do our model-independent reformulations of
super Virasoro algebras matter?
3It is a simple step to append a space-time index to these in order to introduce quantities
that bare a resemblance to particles and strings F → Xm.
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“There is geometry in the humming of the strings.” – Pythagoras
Acknowledgement
The authors wish to acknowledge discussions with T. Hu¨bsch and W. Siegel.
References
[1] M. Virasoro, Phys. Rev. 177 (1969) 2309; idem. Phys. Rev. Lett. 22 (1969) 37;
idem. Phys. Rev. D1 (1969) 2933.
[2] P. Ramond, Phys. Rev. D3 (1971) 2415; A. Neveu and J. Schwarz, Nucl. Phys.
B31 (1971) 86; P. Ramond and J. Schwarz, Phys. Lett. 64B (1976) 75.
[3] S. J. Gates, Jr. and L. Rana, “On Extended Supersymmetric Quantum Mechan-
ics”, Univ.of Md. Preprint # UMDPP 93-194, in preparation.
[4] S. J. Gates, Jr. and L. Rana, Phys. Lett. 352B (1995) 50; idem. 369B (1996)
262.
[5] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, Phys. Rev. D55 (1997)
5112.
[6] A. Schwimmer and N. Seiberg, Phys. Lett. 184B (1987) 191.
[7] P. West, “Introduction to Supersymmetry and Supergravity” Extended Second
Edition, World Scientific, Singapore (1986) pp. 329, 337-340.
[8] E. Sokatchev, Nucl. Phys. B99 (1975) 96.
[9] S. J. Gates, Jr. and L. Rana, Phys. Lett. 369B (1996) 2269.
[10] W. Siegel, Phys. Lett. 149B (1984) 157, 162; idem. Phys. Lett. 151B (1984)
391, 396.
13
